Equioscillation under nonuniqueness in the approximation of continuous functions  by Jones, R.C & Karlovitz, L.A
JOURNAL OF APPROXIMATION THEORY 3, 138-145 (1970) 
Equioscillation under Nonuniqueness 
in the Approximation of Continuous Functions 
R. C. JONES 
Department of Mathematics, University of Florida, Gainsville, FIorida 32601 
AND 
L. A. KARLOVITZ+ 
Institute for Fluid Dynamics and Applied Mathematics, University of Maryland, 
College Park, Maryland 20742 
Communicated by Samuel Karlin 
Received May 1, 1969 
1. INTRODUCTION 
We are concerned with the approximation problem 
where A4 is a finite dimensional linear subspace of C[a, b], the space of 
real valued continuous functions defined on the finite interval [a, b], and 
where j] * 1) denotes the supremum norm. For each f E C[u, b] we let 
~~~)=~~:Ilf--h)/~Ilf-~ll for all g E M}. 
It is well known that V&V) is a singleton for each f E C[a, b], if and only if, 
M has the Chebyshev property: 
g E M, g f 0 implies that g has at most 
n - 1 distinct zeroes in [a, b], where 0 
n = dimension of M. 
It is also well known that if M has property (C) then for each f E C[a, b] 
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the error function e = f - g, where {g} = V,(M), equioscillutes; i.e., 
there exist n + 1 distinct points a < x, < *a* < x,,r < b such that 
I 4xj>I = II e II, i = I,..., n + 1, and e(xj) e(xj+l) < 0, i = l,..., it. 
However, if M fails to have property (C), then for a given fe C[u, b] there 
may or may not exist a g E V,(M) such that the error e = f - g equioscillates. 
Our main result completely characterizes those M for which equioscillation 
holds for at least one g E V&4). 
THEOREM. Let M be a linear subspace of C[a, b] of jinite dimension n. 
For each f E C[a, b] there exists at least one g E V,(M) such that the error 
e = f - g equioscillates if and only if M has the Weak Chebychev property: 
Each g E M has at most n - 1 changes of sign; 
i.e., there do not exist points a < x1 < **. < x,+~ < b 
such that g(x,) g(xi+l) < 0, i = l,..., n. WC) 
The proof of this theorem as well as a corollary are given in Section 2. 
We note that if M has property (C) then it also has property (WC), but not 
conversely in general. Alternate formulations of(C) and (WC) are given in 
Section 2. Examples and concluding remarks appear in Section 3. 
2. ON CHEBYSHEV AND WEAK CHEBYSHEV SUBSPACES 
It is well known and easily verified that property (C) is equivalent o each 
of the following two. 
If 41 ,***, 473 is a basis of M then 
a<t,< *** < t, < b, a < s, < .*+ < s,, < b imply (C-1) 
WdWl W4ddl > 0. 
Given a = x,, < x1 < **a < x,-, < x, = b 
there exists a g E M with g(a), g(b) f 0 such that (C-2) 
(- l)i+l g(x) > 0, ximl < x < xi , i = l,..., n. 
To get analogous reformulations of property (WC) we simply replace some 
strict inequalities by loose ones. Thus, we propose to show that property 
(WC) is equivalent o each of the following two. 
If 91 >..‘9 4% is a basis of M then 
a<t,< *.* < t, < b, a < s, < **a < s,, < b imply (WC-l) 
WWdl det[k@d 2 0. 
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Given a = x0 < x1 < 1.. < x,.-~ < x,, = b 
there exist a g E M, g f 0, such that 
(- l)i’l g(x) 3 0, xi-r < x < xi ) i = l)...) n. 
(WC-2) 
The equivalence of (WC-l) (WC-2) and (WC) can be exhibited in a 
straightforward manner. However, the proofs can be considerably simplified 
by the following Lemma which is also used in the proof of the Theorem. 
LEMMA. Suppose that M satisjies property (WC-l) and that dl ,..., $n is a 
basisfor M. For each (T > 0 and i = l,..., n define thefunction #ia by 
&O(t) = l/o 2/G 1: &(x) e-1/2[(t-0)lo12dx, a < t < b. 
Thenfor each u the subspace Al, spannedby #iv, i = l,..., n, hasproperty (C-l). 
Moreover on any subinterval [a’, b’], a < a’ < b’ < b, @ --f & , uniformly, 
as u + 0, for i = l,..., n. 
The proof of the first part of the Lemma can be found in Karlin and 
Studden ([l], page 15), and the second part is readily verified. We now prove 
the equivalence of properties (WC), (WC-l) and (WC-2). 
(WC-l) * (WC). Suppose A4 has property (WC-l) and suppose there 
exists a g E A4 which changes sign more than n - 1 times. Then by the 
Lemma we can choose u > 0 so as to obtain an h E M which is sufficiently 
close to g to have at least n zeroes. Since A4 has property (C-l) this is a 
contradiction. 
(WC-l) 3 (WC-2). Let a = x,, < x1 < a.. x,-~ < x, = b be given. If 
A4 has property (WC-l) then for each u > 0 we let M, be as in the Lemma. 
Since M, has property (C-2) we may choose g,, E M, such that 11 g, jl = 1 
and (- l)i+l g,(x) > 0, xiel < x < xi , i = l,..., n. It is readily verified that 
g,+gEMasa-+O(jlgll= l)andthat(-l)i+lg(x)~O,xi-l<x<xi, 
i = 1, 2 ,..., 12. 
(WC-2) * (WC-l). Let 41 ,..., h be a basis for M. Let a < s, < ... 
< s, < b be points such that det[di(sJ] f 0. Define in A4 (uniquely) the 
functions uj, j = l,..., n, by u&J = (- l)i+l Sij , i = l,..., n. Then u1 ,..., u,, 
also form a basis for M. Given k, 1 < k < n, let x0 = a, xi = si , 
i = l,..., k - 1, xi = .T%+~ , i = k ,..., n - 1, and x, = b. Since A4 has 
property (WC-2) there exists a function vk , vk f 0, such that (- l>i”v&) 20, 
xiel < x < xi , i = l,..., n. Since vk may be represented as c XiUi it is readily 
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seen that vk = h,uk for some Ak > 0. Furthermore, uk may be represented as 
1 
uk(x) = det[#J] 
Now let a < tl < a.. < tn < b be points such that det(&(tJ) f 0. Suppose, 
k is such that sk $ {tr ,..., t,}. Since uk # 0 and det[&(&)] f 0, there exists 
a t, such that uk(tm) fI 0. It follows from formula (1) that t, $ (sJ&+~ . 
Let (ri}FZI = {si}bl,i+k u {tm}, so that ri < ri+l , i = l,..., n - 1. Then it 
follows from formula (1) and from the relation uk = (l/h,) vlc that 
WMQI det[Wdl > 0. 
By a repeated application of this argument we find 
det[d&)l det[d&)l > 0, 
which clearly completes the proof. 
(WC) * (WC-l). Let I&,...,& be a basis for M. Let a < s1 < a*. < s, < b 
be points such that det[&)] f 0. Define (uniquely) the functions uj E M, 
j = l,..., n, by Z&Q) = (- l)i+l & , i = l,,.., II. For fixed k, let x0 = a, 
xi = si , i = l,..., k - 1, xi = s~+~, i = k ,..., n - 1, and x, = b. We now 
show that uk: has the property: (-- l)$+l z++(x) > 0, xiTl < x < xi , i = I,..., n. 
Otherwise, there exists an i. and points y, z such that x+1 < y < z < xi0 and 
such that u&) uk(z) < 0. Let h = Ciik 1.4~ - Ckii ui . Then h(x,) = (- l)i+l 
i = I,..., n - 1. Consider the function g, = uk + Xh. Then gA(xi) = A(- l)i+l 
i = I,..., n - 1, ‘G(Y) = 4.Y) + mJ% and gA(z) = uk(z) + Ah(z). Thus, 
it is readily seen that for sufficiently small h of appropriate sign, the function 
g, changes sign n + 1 times on the set {x1 ,..., xi,+ , y, z, xi, ,..., x,-~}. 
This contradicts our assumption that A4 has property (WC); hence, uk , 
k = 1, 2,..., n, has the desired properties. By virtue of this we can proceed 
exactly as in the Proof of (WC-2) 3 (WC-l) above, to show that if 
a<&< *em < t, < b is any set of points such that det[+,(tJ] f 0, then 
W4i(sj)l det[yWl > 0. 
This proves that A4 has property (WC-l). This concludes the proof of the 
equivalence of properties (WC), (WC-l) and (WC-2). 
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Proof of the Theorem. We first show that if M has property (WC) then 
for each f E C[a, b] there exists at least one g E V,(M) such that the error 
e = f - g equioscillates. Let tjl ,..., &, be a basis for M, and for each (T > 0 
let MO = span{&“,..., $c} be as in the Lemma. For each integer k > 3/(b - a) 
denote by Ik the interval [a + l/k, b - l/k], and define the seminorm I/ * IIL 
on C[a, b] 
/I h Ilk = max{[ h(x)1 : x E Ik}. 
Let f be an arbitrary element of C[a, b] which does not belong to M. 
For each u > 0 let gal, be the element of M,, satisfying 
Ilf - go, Ilk d Ilf - h Ilk for all h E M, . (2) 
The uniqueness of g,k follows from the fact that the restriction of M, to Ik 
also has property (C). This, furthermore, implies that the error e,,k = f - g,,, 
equioscillates on Ik , i.e., there exist points 
such that 
a + l/k < XT” < me* < x;$ < b - l/k 
and 
i = I,..., n + 1, 
eok(x;k) eok(X:$) < ‘? i = l,..., n. (3) 
Here we have assumed that f $ MO . For sufficiently small u and sufficiently 
large k this follows from the fact that f does not belong to M. 
We represent g,,k as xbl ATk#io. From (2), I/ g,k Ilk < 2 (1 fk Ilk for every 
u > 0. Hence, choosing k so large that the #Q are linearly independent 
on 4 one has that the coefficients hyk are uniformly bounded in u and in i. 
By virtue of this we may choose a sequence uV , u, --+ 0, and numbers 
hik,..., Xnk so that A?” + hik as v -+ co, i = l,..., n. Since 8/Q -+ $i , uniformly 
On Ik, as u -+ 0, it follows that g,“, + gk = ~~cl hik$i , uniformly on & . 
We may choose a subsequence of uV , again denoted by u, , and numbers 
k 
Xlk,..., Xn+l so that xpk -+ xik as v -+ co, i = l,..., n + 1. If we choose k so 
large thatf is linearly independent of $1 ,..., $n on zk then it follows from the 
uniform convergence of the g,$ and from (3) that if ek = f - gk then 
1 ek(xik)l = 11 ek Ilk , i = l,..., n + 1, e,(x,“) ek(xt+l) < 0, i = l,..., n. 
(4) 
In particular, (4) implies that xik < x:+~ , i = l,..., n. Since M has property 
(WC) it also follows from (4) that 
Iif - gk Ilk < iif - h I/k for all h E M. (5) 
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For if Ilf - h Ilk < Ilf - gk Ilk for some h E M then by virtue of (4): 
{[h(xik) - gk(Xik)l[h(Xf+l) - gk(x~+l)]) < 0, for i = l,..., n, 
which contradicts the fact that M has property (WC). From (5) for fixed k, , 
we have 
11 gk Ilk,, < 11 gk Ilk < 2 ilfiik d 2 iifii, for all k 2 k, . (6) 
Hence, if k,, is chosen so large that & ,..., r$n are linearly independent on z, 
it follows from (6) that the coefficients hik of gk = Cy!“-l ;\ik4i are uniformly 
bounded in i and in k. Hence, we can choose a subsequence Sk of 1,2, 3,... 
and numbers X, ,..., X, so that X;b -+ hi , as k ---f 00, i = l,..., n, and 
as k --f co, uniformly on [a, 61. (7) 
We can choose a further subsequence, again denoted by Sk, and points 
Xl >-**2 &+1 so that xi* + xi , as k -+ CO, i = I ,..., n + 1. Letting e = f - g, 
(4) and (7) imply 
I 4xi)I = It e IL i = l,..., n + 1, 4xi) e(xi+J < 0, i = I,..., n (8) 
The fact that g E V,(M) follows from (5) and (7). Also, as above, it follows 
from (8) and property (WC) of M. Moreover, by (8), e = f - g has the 
desired equioscillation property and the sufficiency is proven. 
Finally, we show that if it4 has the property that for each f E C[a, b] there 
exists at least one g E V,(M) such that the error e = f - g equioscillates 
then M has property (WC). Given arbitrary points 
a = x, < x1 < a-. < x+1 < x, = b 
we now show that there exists a g E M such that g + 0 and such that 
(- l)i+l g(x) > 0, xiwl < x < xi , i = l,..., iz. For each E > 0 sufficiently 
small define the function fc by 
I 
x = xi-1 ) 
L(x) = ;b)“+’ 
xi , 
Xi-1 + E < X < Xi - Ey 
linear ekewhere on b-1 3 &I, 
i = 1, 2 ,..., n. 
By assumption, for each E there exists a g, E V,JM) so that e, = f. - g, 
equioscillates. In particular this means that 11 fE - g, /I Q 11 fc - 0 /I = 1. 
Moreover g, f 0 because fc - 0 = fc does not equioscillate since it changes 
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sign only n - 1 times. Now 11 f6 - g, /I < [Ifc \I = 1 implies that 
(- l)“+l gc(x) > 0 for xiwl + E < x < xi - E, i = l,..., n. Since )I g, )/ # 0 
the functions h, = gJl g, I/ have the same property. Choosing a convergent 
subsequence hey such that h,” -+ g as Y -+ co it is easily observed that g has the 
desired properties: (- l)i+l g(x) 2 0, ximl < x < xi , i = l,..., n, and g % 0. 
This concludes the proof. 
COROLLARY. Let M be a finite dimensional linear subspace of C[a, b]. 
For each f E C[a, b] there exists a g E V&l4) such that the error e = f - g 
equioscillates, if and only if, this is true for each f having the additional property 
that V,(M) is a singleton. 
Proof. In one direction this is trivial. In the other direction it is sufficient o 
show that M has property (WC). Let a = x0 < x1 < a*- < xnel < x, = b 
be arbitrary points. Let fE be as in the proof of the Theorem. Either V,s(M) is 
not a singleton and there exists an h, E V,t(M) such that h, f 0 or 
Vf’,(M) = (gJ and fE - g, equioscillates. Moreover, it follows that 
(- l)i+l gJx) > 0, xiel + E < x ,< xi - E, i = l,..., n and (- l)i+lh6(x) > 0, 
xipl + E < x < xi - E, i = l,..., n. In either case, we proceed as in the 
proof of the Theorem to show that there exists a g E M such that g # 0 and 
(- l)i+l g(x) > 0, ximl < x < xi , i = l,..., n. This concludes the proof. 
3. EXAMPLES AND COMMENTS 
We begin with a simple example of a subspace M which has property (WC). 
Piecewise linear functions. Let [a, b] be a finite interval. Choose knots 
a = & < t1 < .** < &+I < &, = b. Let A4 be the linear subspace of 
continuous, piecewise linear functions with (possible) corners at the knots, 
i.e., let M = {g : g E C[a, b], g linear on [tip1 , &I, i = l,..., n}. Then M has 
property (WC), for the dimension of A4 is n + 1, and if there exists a 
g E M and points a < x1 < *.v < x,,, ,< b such that g(xi) g(xi+l) < 0, 
i = l,..., n + 1, then there exist points y, ,..., yn+l such that xi < y, < xi+1 ,
i = l,..., n + 1, and such that g’( yi) g’(yi+J < 0, i = I,..., n. It follows 
that there exist i,, and j, such that yiO , yiO+l E [fj, , &,+J, which contradicts 
the fact that g is linear on [&, , ei,+J. 
This example can be generalized as follows. 
Spline polynomials. For any positive integer k we define the function (x)+” 
by 
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Choose knots -1 < & < *.* < &, < 1, and let k be an arbitrary positive 
integer. It has been shown by Karlin and Studden [l], page 18, that the 
linear subspace A4 spanned by 
xk ,+-1 
7 ,..*, x, 1, (x - Q," ,..*, (x - fn)+li 5 
has property (WC-l) on the interval [-1, +I]. 
Construction of best approximation. If M has property (C) then for each 
f~ C[a, b] the well known Remez algorithm can be used (at least in theory) 
to construct a sequence { gm} in A4 which converges uniformly to g, where 
{g} = V,(M). This is based on the equioscillation property of e = f - g 
and on the fact that V,(M) is a singleton. No general algorithm exists for 
the case where M has property (WC). It is hoped that by virtue of our 
theorem above something analogous to the Remez algorithm can be 
developed. In this regard we note that if M has property (WC) and if we have 
found a g E M such that e = f - g equioscillates then g E V,(M). (This was 
verified and used in the proof of the Theorem.) 
Geometric considerations. If M is as arbitrary finite dimensional inear 
subspace of C[a, b] then for each f the set V,(M) is convex and compact. 
It follows directly from a result of Brosowski ([2], Section 4, Satz 6), that 
if g belongs to the relative interior of V,(M) and if e = f - g equioscillates 
then e = ,f - h equioscillates for every h E V,(M). Hence, in general we 
expect to find those g for which e = f - g equioscillates on the boundary 
of V,(M). It can also be shown that if M has property (WC) then there 
exists an extreme point g of V,(M) for which e = f - g equioscillates. 
However, this is not true for every extreme point. Further geometric 
characterizations would be interesting. 
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